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BIHARMONIC δ(r)-IDEAL HYPERSURFACES IN EUCLIDEAN
SPACES ARE MINIMAL
DEEPIKA AND ANDREAS ARVANITOYEORGOS
Abstract. A submanifold Mn of a Euclidean space EN is called biharmonic if
∆ ~H = 0, where ~H is the mean curvature vector of Mn. A well known conjecture
of B.Y. Chen states that the only biharmonic submanifolds of Euclidean spaces
are the minimal ones. Ideal submanifolds were introduced by Chen as those which
receive the least possible tension at each point. In this paper we prove that every
δ(r)-ideal biharmonic hypersurfaces in the Euclidean space En+1 (n ≥ 3) is mini-
mal. In this way we generalize a recent result of B. Y. Chen and M. I. Munteanu.
In particular, we show that every δ(r)-ideal biconservative hypersurface in Eu-
clidean space En+1 for n ≥ 3 must be of constant mean curvature.
AMS 2010 Subject Classification: 53D12, 53C40, 53C42
Key Words: biharmonic submanifolds; biharmonic map; δ-invariant; δ(r)-ideal
submanifolds; biconservative hypersurface; mean curvature vector.
1. Introduction
In the middle of 1980’s B.Y. Chen initiated the investigation of properties of
submanifolds in Euclidean spaces EN . For an historical overview we refer to his
books [3] and [6]. Among several important problems that Chen had raised that
time was the following well-known conjecture [4]:
The only biharmonic submanifolds of Euclidean spaces are the minimal submanifolds.
A biharmonic submanifoldM is defined by the equation ∆ ~H = 0, where ∆ and ~H
denote respectively the Laplace operator and the mean curvature vector field of M .
It is well known that M is biharmonic if and only if the immersion x : (M, g)→ EN
is a biharmonic map.
The conjecture was originally proved for surfaces in E3 by B.Y. Chen in [4] and
for certain submanifolds in En (including one dimensional) by I. Dimitric´ in [13]. An
alternative approach was proposed by T. Hasanis and T. Vlachos in [22] who proved
the conjecture for hypersurfaces in Euclidean 4-spaces. Since then several researchers
have made significant contributions towards proving it, such as F. Defever [12], K.
Akatagawa and S. Maeta [1], Y. Fu [16], [17], R. Shankar and A. Sharfuddin [21],
and more recently in B.Y. Chen [9], and N. Koiso, H. Urakawa [24].
In contrast to its simple statement, the conjecture has turned quite endure to
several attempts for its proof. Therefore, it was natural for researchers to impose
some natural assumptions. The most usual one, and in fact the most successful into
confirming the conjecture for several cases, was to assume that the submanifold is
a hypersurface in the Euclidean space. In this case one usually makes some extra
assumption about the number of distinct eigenvalues of the shape operator, or about
the scalar curvature.
Another natural assumption for the hypersurface M is to be an ideal (or δ(r)-
ideal) hypersurface. We give the formal definition in Section 2. Such hypersurfaces
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were introduced by B.Y. Chen via the concept of δ-invariants, in his investigation
to define “nice immersed submanifolds” as those which receive the least possible
tension at each point. We refer to [6] and [7] for a deeper motivation.
In the work [8] B.Y. Chen and M. I. Munteanu proved that δ(2)-ideal and δ(3)-
ideal biharmonic hypersurfaces of a Euclidean space is minimal. In the present work
we extend this result by proving the following:
Theorem 1.1. Every δ(r)-ideal oriented biharmonic hypersurface with at most r+1
distinct principal curvatures in the Euclidean spaces En+1 (n ≥ 3), is minimal.
Closely related to the concept of biharmonic submanifolds is the concept of bi-
conservative submanifolds. These were introduced by R. Caddeo et al. in [2] and
are submanifolds with conservative stress-energy tensor.
For the case of hypersurfacesMn in En+1 it can be shown that the biconservativity
condition is equivalent to the equation 2A(gradH) + nHgradH = 0, where A is the
shape operator of Mn and H the mean curvature. This equation is one of the two
equations which are equivalent to the condition of biharmonicity, ∆ ~H = 0 (cf. (2.8),
(2.9)). Therefore, a biharmonic hypersurface is biconservative.
Biconservative hypersurfaces had appeared in the literature under the name H-
hypersurfaces ([22]). They have attracted recently the interest of several researchers
(e.g. [10], [11], [14], [15], [20], [25], [26], [27], [28]). From the proof of Theorem 1.1
we also obtain the following result:
Proposition 1.2. Every δ(r)-ideal oriented biconservative hypersurface with at most
r + 1 distinct principal curvatures in Euclidean spaces En+1 (n ≥ 3), has constant
mean curvature.
We briefly present the central idea of the proof of Theorem 1.1 which is simpler
than the method used in [8] and [11]. Using that Mn is a δ(r) ideal hypersurface its
shape operator has a simpler form. Since Mn is biharmonic in particular it is bicon-
servative, hence we use the corresponding equation to simplify the connection forms
by using Codazzi equation and Gauss equation. Then we see that the definition of
mean curvature provides us an equation showing the relation between eigenvalues
of the shape operator and mean curvature H . This equation plays a very important
role in the proof. By differentiating this equation two or more times we obtain poly-
nomial equations showing relations among the eigenvalues, connection forms and
mean curvature H . Then using a standard argument involving the resultant of two
polynomials as defined in Lemma 2.2, we are able to eliminate all the eigenvalues as
well as the connection forms one by one, to obtain an algebraic polynomial equation
in H with constant coefficients which implies that H must be constant. By taking
into account the second equation that comes from the biharmonicity assumption,
we prove that H is zero.
2. Preliminaries
Let (Mn, g) be an oriented hypersurface isometrically immersed in Euclidean space
(En+1, g), that is g is the induced metric by the immersion that defines the hyper-
surface. Let ∇ and ∇ denote the linear connections on En+1 and M respectively.
Then the Gauss and Weingarten formulae are given by
(2.1) ∇XY = ∇XY + h(X, Y ), ∀ X, Y ∈ Γ(TM),
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(2.2) ∇Xξ = −AξX,
where ξ be the unit normal vector to M , h is the second fundamental form and A is
the shape operator. It is well known that the second fundamental form h and shape
operator A are related by
(2.3) g(h(X, Y ), ξ) = g(AξX, Y ).
The mean curvature is given by
(2.4) H =
1
n
traceA,
and the mean curvature vector ~H = Hξ is a well defined normal vector field to Mn
in En+1. The Gauss and Codazzi equations are given by
(2.5) R(X, Y )Z = g(AY, Z)AX − g(AX,Z)AY,
(2.6) (∇XA)Y = (∇YA)X
respectively, where R is the curvature tensor and
(2.7) (∇XA)Y = ∇XAY −A(∇XY )
for all X, Y, Z ∈ Γ(TM).
The hypersurface Mn is called biharmonic if
∆ ~H = 0.
By identifying the tangential and normal parts in the above equation, it is known
([3]) that it is equivalent to the system
(2.8) 2A(gradH) + nH gradH = 0,
(2.9) △H + H trace(A2) = 0,
where △ is the Laplace operator (our sign convention is such that △f = −f ′′ when
f is a function of one real variable).
Next, we recall the concept of δ-invariants and δ-ideal hypersurfaces. We refer to
[6] and [5] for more details.
For a Riemannian manifold Mn with n ≥ 3 and an integer r ∈ [2, n− 1], let τ(p)
be the scalar curvature at p ∈ Mn and let τ(Lr) be the scalar curvature of a linear
subspace Lr of dimension r ≥ 3 of the tangent space Tp(M). The δ-invariant δ(r)
of Mn at p is defined as
(2.10) δ(r)(p) = τ(p)− inf
r
τ(Lr).
For any n-dimensional submanifoldMn in a Euclidean space Em and for an integer
r = 2, . . . , n− 1, Chen proved the following universal sharp inequality
(2.11) δ(r)(p) ≤
n2(n− r)
2(n− r + 1)
H2(p),
where H2 = 〈 ~H, ~H〉 is the squared mean curvature.
Definition 2.1. A submanifold Mn in Em is called δ(r)-ideal if equality in (2.11)
is satisfied identically.
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We will need the following result.
Theorem 2.1. ([6, Theorem 13.7]) LetMn be a hypersurface in the Euclidean spaces
E
n+1. Then for any integer r = 2, . . . , n− 1 it is
(2.12) δ(r) ≤
n2(n− r)
2(n− r + 1)
H2.
Equality holds at a point p if and only if there is an orthonormal basis {e1, e2, . . . , en}
at p such that the shape operator is given by
(2.13) A =
(
Dr 0
0 urIn−r
)
,
where Dr = diag(λ1, λ2, . . . , λr) and ur = λ1 + λ2 + · · ·+ λr, where λ1, λ2, . . . λr are
the principal curvature functions of Mn at p. If this happens at every point, we call
Mn a δ(r)-ideal hypersurface in En+1.
Finally, the following algebraic lemma will be useful to our study.
Lemma 2.2. ([23, Theorem 4.4, pp. 58–59]) Let D be a unique factorization domain,
and let f(X) = a0X
m+a1X
m−1+ · · ·+am, g(X) = b0X
n+ b1X
n−1+ · · ·+ bn be two
polynomials in D[X ]. Assume that the leading coefficients a0 and b0 of f(X) and
g(X) are not both zero. Then f(X) and g(X) have a non constant common factor
if and only if the resultant ℜ(f, g) of f and g is zero, where
ℜ(f, g) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a0 a1 a2 · · · am
a0 a1 · · · · · · am
. . .
. . .
. . .
. . .
. . .
a0 a1 a2 · · · am
b0 b1 b2 · · · bn
b0 b1 · · · · · · bn
. . .
. . .
. . .
. . .
. . .
b0 b1 b2 · · · bn
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
Here there are n rows of “a” entries and m rows of “b” entries.
3. δ(r)-ideal biharmonic hypersurfaces in En+1
In the present section we will prove Theorem 1.1.
Proof of Theorem 1.1. Let Mn be an oriented δ(r)-ideal biharmonic hypersurface in
E
n+1(n > 2). From Theorem 2.1 the shape operator (2.13) of Mn with respect to
some orthonormal basis {e1, e2, . . . , en} can be expressed as
(3.1) A(ei) = λiei, i = 1, 2, . . . , n,
where λi = λ1+λ2+ · · ·+λr, for i = r+1, . . . , n. Since we will need to differentiate
the principal curvature functions of A we need to know that these are smooth (at
least at some connected component). To this end, we use an argument given in
[19, Section 3, lines 3-10]. The set MA of all points of M
n, at which the number of
distinct eigenvalues of the shape operator A (i.e. the principal curvatures) is locally
constant, is open and dense in Mn. Therefore, we can work only on the connected
component of MA consisting of points where the number of principal curvatures is
at most r + 1. On that connected component, the principal curvature functions of
A are always smooth.
BIHARMONIC δ(r)-IDEAL HYPERSURFACES IN EUCLIDEAN SPACES ARE MINIMAL5
Claim: The mean curvature H of Mn is constant.
Assume the contrary and we will end up into contradiction. Then there exists an
open connected subset U of M with gradpH 6= 0, for all p ∈ U . From (2.8) it is
easy to see that gradH is an eigenvector of the shape operator A with corresponding
principal curvature −nH
2
.
Without lose of generality we choose e1 in the direction of gradH , which gives
λ1 = −
nH
2
. We express gradH as
(3.2) gradH =
n∑
i=1
ei(H)ei.
As we have taken e1 parallel to gradH , it is
(3.3) e1(H) 6= 0, ei(H) = 0, i = 2, . . . , n.
We express
(3.4) ∇eiej =
n∑
k=1
ωkijek, i, j = 1, 2, . . . , n.
Using (3.4) and the compatibility conditions (∇ekg)(ei, ei) = 0, (∇ekg)(ei, ej) = 0,
we obtain
(3.5) ωiki = 0, ω
j
ki + ω
i
kj = 0,
for i 6= j, and i, j, k = 1, 2, . . . , n.
We set λr+1 = λr+2 = · · · = λn = λ and we consider the following cases:
Case A. λi 6= λ, i = 2, 3, . . . , r.
Taking X = ei, Y = ej , (i 6= j) in (2.7) and using (3.1), (3.4), we get
(∇eiA)ej = ei(λj)ej +
n∑
k=1
ωkijek(λj − λk).
Putting the value of (∇eiA)ej in (2.6), we find
ei(λj)ej +
n∑
k=1
ωkijek(λj − λk) = ej(λi)ei +
n∑
k=1
ωkjiek(λi − λk),
whereby taking inner product with ej and ek, we obtain
(3.6) ei(λj) = (λi − λj)ω
j
ji = (λj − λi)ω
i
jj,
(3.7) (λj − λk)ω
k
ij = (λi − λk)ω
k
ji,
respectively, for distinct i, j, k = 1, 2, . . . , n.
Using (3.3), (3.4) and the fact that [ei, ej](H) = 0 = ∇eiej(H) − ∇ejei(H) =
ω1ije1(H)− ω
1
jie1(H), for i 6= j and i, j = 2, . . . , n, we find
(3.8) ω1ij = ω
1
ji.
Using (2.4), (2.13) and λ1 = −
nH
2
, we obtain
(3.9)
r∑
i=2
λi =
n(n− r + 3)
2(n− r + 1)
H,
and λ = nH
n−r+1
.
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Therefore, using (3.3) and (3.9), we obtain
(3.10) e1(λi) 6= 0, ej(λi) = 0,
for i = 1, 2, . . . , n and j = 2, 3, 4, . . . , n.
Now, it can be seen that λ1 can never be equal to λi (i = 2, 3, . . . , r) and λ.
Indeed, if λ1 = λi for some i, then from (3.6), we find that
(3.11) e1(λj) = (λ1 − λj)ω
j
j1 = 0, j = 2, 3, . . . , r,
which contradicts the first expression of (3.10). Similarly, if λ1 = λ we get a contra-
diction.
Putting i 6= 1, j = 1, r + 1, . . . , n in (3.6) and using (3.10) and (3.5), we find
(3.12) ω11i = ω
A
Ai = ω
i
11 = ω
i
AA = 0, i = 1, 2, A = r + 1, . . . , n.
Putting k = 1, i 6= j, and i, j = 2, 3, . . . , n in (3.7), and using (3.5), we get
(3.13)
ω1ij = ω
j
i1 = ω
j
1i = ω
1
iA = ω
1
Ai = ω
A
i1 = ω
i
A1 = ω
i
1A = ω
A
1i = 0, A = r + 1, . . . , n.
Now, putting i = 1, 2, . . . , r, k = r+1, . . . , n and j = r+1, . . . , n (j 6= k) in (3.7),
and using (3.5), we get
(3.14) ωAB1 = ω
1
AB = ω
A
Bi = ω
i
AB = 0, i = 1, 2, . . . , r
where A 6= B and A,B = r + 1, . . . , n.
Now, evaluating g(R(e1, ei)e1, ei), using (3.12)∼(3.14) and Gauss equation (2.5),
we find the following:
• For X = e1, Y = ei, Z = e1,W = ei,
(3.15) e1(ω
1
ii)− (ω
1
ii)
2 = −
nH
2
λi, i = 2, 3, . . . , n.
Now, using λ1 = −
nH
2
, λ = nH
n−r+1
, and (3.6) for i = 1 and j = r+1, . . . , n, we get
(3.16) 2e1(H) = (n− r + 1)Hω
1
AA, A = r + 1, . . . , n.
Now, differentiating (3.9) along e1 two times alternatively by using (3.15) and
(3.16), we obtain
(3.17)
∑r
i=2(2λi + nH)ω
1
ii =
n(n−r+3)
2
Hω1AA,
(3.18)
∑r
i=2
[
2(2λi + nH)(ω
1
ii)
2 + n(n−r+1)
2
Hω1iiω
1
AA −
nH
2
λi(2λi + nH)
]
= n(n−r+3)
2
4
H(ω1AA)
2 − n
3(n−r+3)
4(n−r+1)
H3,
for A = r + 1, . . . , n.
Eliminating λ2 from (3.17) and (3.18) by using (3.9), we obtain
(3.19)
[
2n(n−r+2)
n−r+1
H − 2
∑r
i=3 λi
]
ω122 +
∑r
i=3(2λi + nH)ω
1
ii =
n(n−r+3)
2
Hω1AA,
(3.20)
[
4n(n−r+2)
n−r+1
H − 4
∑r
i=3 λi
]
(ω122)
2 − nH
[
n(n−r+2)
2(n−r+1)
H −
∑r
i=3 λi
][
n(n−r+2)
n−r+1
H
−
∑r
i=3 λi
]
+
∑r
i=3
[
2(2λi + nH)(ω
1
ii)
2 + n(n−r+1)
2
Hω1iiω
1
AA
−nH
2
λi(2λi + nH)
]
= n(n−r+3)
2
4
H(ω1AA)
2 − n
3(n−r+3)
4(n−r+1)
H3,
respectively.
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We consider (3.19), (3.20) as polynomials of ω122 with coefficients in polynomial
ring R1[H, λ3, λ4, . . . , λr, ω
1
33, ω
1
44, . . . , ω
1
rr, ω
1
AA] over real field R. Since equations
(3.19), (3.20) have a common root ω122, Lemma 2.2 implies that the resultant of
their coefficients is equal to zero, which gives another polynomial equation defined
as
(3.21) g1(H, λ3, λ4, . . . , λr, ω
1
33, ω
1
44, . . . , ω
1
rr, ω
1
AA) = 0.
Again differentiating (3.21) along e1 two times alternatively and using (3.15) and
(3.16), we obtain two polynomial equations defined as
(3.22) g2(H, λ3, λ4, . . . , λr, ω
1
33, ω
1
44, . . . , ω
1
rr, ω
1
AA) = 0,
(3.23) g3(H, λ3, λ4, . . . , λr, ω
1
33, ω
1
44, . . . , ω
1
rr, ω
1
AA) = 0.
We consider (3.21), (3.22) and (3.21), (3.23) as polynomials of λ3 with coefficients
in polynomial ring R2[H, λ4, λ5, . . . , λr, ω
1
33, ω
1
44, . . . , ω
1
AA] over real field R. Also,
Equations (3.21), (3.22) and (3.21), (3.23) have a common root λ3 and Lemma
2.2 implies that the resultants of their coefficients are equal to zero, which gives
polynomial equations
(3.24) g4(H, λ4, λ5, . . . , λr, ω
1
33, ω
1
44, . . . , ω
1
rr, ω
1
AA) = 0,
(3.25) g5(H, λ4, λ5, . . . , λr, ω
1
33, ω
1
44, . . . , ω
1
rr, ω
1
AA) = 0.
Similarly, we can eliminate ω133 from (3.24), (3.25) by considering ω
1
33 as a common
root of (3.24), (3.25) and by using Lemma 2.2 we obtain another polynomial equation
(3.26) g6(H, λ4, λ5, . . . , λr, ω
1
44, ω
1
55, . . . , ω
1
rr, ω
1
AA) = 0.
Proceeding in the same way, we will be able to eliminate λ4, ω
1
44, λ5, ω
1
55 . . . , λr,
ω1rr, ω
1
AA and obtain a polynomial equation in H with constant coefficients, which
implies that H must be a constant.
Case B. λi = λj, for some i, j = 2, 3, . . . , r.
For simplicity we will prove it for i = 2, j = 3 and the other cases can be obtained
similarly. Then for λ2 = λ3 (3.9) reduces to
(3.27) 2λ3 +
r∑
i=4
λi =
n(n− r + 3)
2(n− r + 1)
H.
By differentiating (3.27) two times along e1 and using (3.15) and (3.16), we obtain
polynomial equations in λi, ω
1
ii and H . As in the above case, by using Lemma 2.2
we will be able to find a polynomial equation in H with constant coefficients which
implies that H must be a constant.
Case C. λi = λ for some i = 1, 2, . . . , r.
In a similar way with Case B we obtain that H must be constant, and this
concludes the proof of the claim.
Now, since H is constant it follows from (2.9) that Htrace(A2) = 0, which implies
that H = 0, and this concludes the proof of Theorem 1.1. 
Proposition 1.2 now follows from the above proof. Since Mn is a δ(r)-ideal bicon-
servative hypersurface, equation (2.8) is satisfied and we proved that this implies
that H is constant.
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